Monte Carlo studies of the melting transition of Lennard-Jones particles in two dimensions are reported. Focus is placed on the orientational order parameter, and an estimate of the orientational melting temperature is made from the Binder ratio as well as finite size scaling of the critical exponent η 6 . We also discuss the role of critical slowing down and finite size effects in simulations of two dimensional melting.
Introduction
The nature of the two-dimensional (2D) melting transition is controversial and it possibly depends on the form of the particle interactions and/or the density. One possible mechanism of 2D melting is theorized to be a defect mediated phase transition [1] , driven by the unbinding of dislocations and disclinations at two separate temperatures [2] . The dislocations unbind at the lower melting temperature, T m , and translational order becomes completely short ranged. At the upper melting temperature, T i , the remaining (orientational) order is lost, as the unbinding of disclinations leads to an isotropic fluid state. This two stage melting transition is described by the Kosterlitz-Thouless-HalperinNelson-Young (KTHNY) theory [1] [2] [3] .
Many simulational studies have searched for signs of KTHNY melting in 2D systems [4] . It has been shown that two stage melting does occur, at least for systems with long range interactions [5, 6] . Several groups have used finite-size-scaling (FSS) techniques to study the melting transition for purely repulsive potentials [11] [12] [13] [14] . However, despite some agreement with KTHNY scaling predictions, conclusive evidence for two stage melting in hard disks is yet to be found [14, 15] .
Our ultimate goal is to determine the phase diagram of 2D helium, which requires a full quantum statistical mechanical treatment at temperatures near melting. Before we use quantum simulation techniques, which are far more limiting in studying large-size systems, we would like to know the phase diagram of a classical system of particles interacting with the Lennard-Jones potential, which closely resembles the helium atom interaction.
The 2D Lennard-Jones system has been simulated in the past and such works dating back before 1988 can be found in Ref. [4] . Of particular interest are molecular dynamics calculations of 12480 Lennard-Jones particles by Udink and van der Elsken [7] , who applied FSS analysis along the ρσ 2 = 0.873 isochore to find the melting temperatures of the two stage transition. Additional molecular dynamics calculations of Lennard-Jones particles have observed the intermediate hexatic phase, but only for large system sizes (36000 particles) [8] [9] [10] . These results still do not provide a complete study of the densitytemperature phase diagram of the Lennard-Jones system. This paper reports on our preliminary results of Monte Carlo simulation of melting transition in a 2D Lennard-Jones solid. For the first time, the Binder ratio is computed for a Lennard-Jones system, and FSS is used to estimate the upper melting temperature along a single isochore. We also calculate the critical exponent, η 6 , and discuss the difficulty in obtaining accurate results near the melting transition due to critical slowing down in our simulations.
Results
We have performed a Monte Carlo study of up to 6400 Lennard-Jones particles at a density of ρσ 2 =0.873, chosen so that we may compare our results to those of Udink and van der Elsken [7] , whose work is the only study of Lennard-Jones particles to include a finite size scaling analysis. Thermalization over 25×10
5 "sweeps" through the system (for each sweep, an update move is attempted on each particle) is followed by data collection over 25 × 10 6 sweeps. Cell lists and a cutoff of the potential at 3σ allow for our Monte Carlo simulations to take order N time, where N is the number of particles.
We focus our analysis on the bond orientational order parameter,
The first sum is over all N particles j, and the second sum over all n j neighbors of particle j. The angle θ jk is formed by the bond connecting particle j to its neighbor and the axis of primary bond orientation. The second moment is shown in Figure 1 . Above T ≈ 0.8, strong finite size effects become apparent. In order to study the finite size effects in more detail, we calculate the Binder ratio, which is constructed from the ratio of the fourth and second cumulants [16] . In Figure 2 we show a simplified form of the Binder ratio,
Above T m , odd moments of the bond orientational order parameter are zero, and this expression is exact. This allows us to use the crossing point of U 6 as an estimate of T i . By construction the Binder ratio is a dimensionless quantity, and thus the scaling function at the critical temperature should be the same for all system sizes. To see this, we show a closer view of the Binder ratio in the right panel of Figure 2 . For T ≤ 0.8, U 6 increases with increasing system size. Looking at the left panel of Figure 2 , we can see that this trend is reversed for T ≥ 1.0 (U 6 increases with decreasing system size). Thus, the crossing point lies somewhere between T = 0.8 and T = 1.0. Looking closer, we see that U 6 for the smallest system size, N = 100, crosses over the next two larger system sizes below T = 0.9, and overlaps with U 6 for the largest system size at T = 0.9 (see points c1, c2 and c3 in Figure 2 ). For all other system size combinations, the crossing occurs just above T = 0.9 (point c4). The crossing point should approach T i as we increase system size, so this indicates that T i ≈ 0.91, in fair agreement with the value T i = 0.93 reported by Udink and van der Elsken [7] . However, due to the uncertainty in U 6 , the exact location of T i cannot be determined from our present data. as a function of system size, L. The lines are least squares fits to the data, and the slopes are used to determine η 6 . Right: Anomalous dimensionality, η 6 (T ). The dashed line is the limiting value η 6 (T i ) = 1/4. Our data (circles) are compared with that of Udink and van der Elsken [7] , (squares).
Unfortunately, this is as accurate as our current data allows us to be. Near the critical temperature, where we need accurate data to determine the transition temperature, critical slowing down leads to very large integrated autocorrelation times (on the order of hundreds of thousands of Monte Carlo steps). Even though we have run our simulations for many millions of Monte Carlo steps, the error bars in our data at T = 0.9 in Figure 2 still overlap. This will only get worse as we try to simulate larger system sizes.
Let us consider an alternate way of estimating T i . In the hexatic region, the bond orientational order parameter can be shown to scale as a function of the system size, < Ψ 2 6 >∼ L −η6 . Our simulation cell is nearly square, so we define L 2 = N; η 6 is the anomalous dimensionality. In Figure 3 , we plot the natural logarithm of Ψ 2 6 as a function of the natural logarithm of L. The least squares fits to the data are also shown, and in the neighboring graph we plot the extracted critical exponent, η 6 . From this figure we can estimate T i as the temperatures at which η 6 crosses its theoretical limit: η 6 (T ) = 1/4 [2] . From this we estimate T i to be about 0.88, keeping in mind that η 6 increases exponentially as it approaches T i from below. While this value is less than the value determined from the Binder ratio, both values are estimates, and we conclude that T i is close to 0.90±0.02.
At this point it is necessary to address the difference in η(T ) between our work and that of Udink and van der Elsken [7] (see the right half of Figure 3) . In both cases, the same scaling technique was used to extract the critical exponent η from simulational data. Our largest system size is only a factor of two smaller than Udink and van der Elsken; we believe this difference is not enough to account for the observed discrepancy in critical exponents. To visualize this, we indicate their system size with an arrow in Figure 3 . Although it is possible that data from this larger system size would disagree with the value of η 6 we have obtained, it would not be enough to change our results entirely. Also possible is that the 20,000 or so time steps used in their study may not have been long enough to see the complete relaxation of the simulated system, especially in light of very long autocorrelation times that we have observed near the transition.
Conclusions
In conclusion, we have reported our study of the melting transition in two dimensions for Lennard-Jones particles. We have seen several indications of the continuous melting theory of Kosterlitz, Thouless, Halperin, Nelson and Young [1] [2] [3] . However, strong finite size effects and critical slowing down near the transition temperature have prevented us from making definite conclusions. Additionally, some of our results differed significantly from the work of previous authors, indicating that careful attention needs to be paid not only to system size, but also to the long autocorrelations that appear in the critical region.
